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Abstract. We define the notion of log-Riemann surfaces and Caratheodory 
convergence of log-Riemann surfaces. We prove a convergence theorem for 
uniformizations of simply connected log-Riemann surfaces converging in the 
Caratheodory topology. We obtain as a corollary a purely geometric proof of 
Euler's formula (l + ^) — ¥ e z . 
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1. Introduction 

In this article we introduce the notion of log-Riemann surfaces. These are Rie- 
mann surfaces informally described as obtained by cutting and pasting copies of 
C isometrically. The larger class of tube-log Riemann surfaces, allowing pasting of 
flat cylinders C/Z as well, was used by the second author for the construction of 
holomorphic diffcomorphisms with irrationally indifferent fixed points with special 
dynamical properties, see |PM93j . |PM95j . |PM 00j . They were also used by the first 
author to construct further examples in |Bis05j . |Bis08j . Our aim in this article is 
to initiate a general study of log-Riemann surfaces. 

A log-Riemann surface S comes equipped with a local diffeomorphism ir : S — > C 
satisfying certain conditions (defined precisely in the next section). The map 7r 
serves as a coordinate at all points of iS and allows one to write formulae for the 
uniformizations of simply connected log-Riemann surfaces. The map 7r also induces 
a flat metric on <S; the points p added in the completion are "ramification points" 
of 7T, i.e. 7T restricted to a small punctured disc neighbourhood of p is a covering of 
a punctured disc in C. The order of a ramification point is defined to be the degree 
1 < n < oo of the covering; the finite order ramification points can be added to S 
to give a Riemann surface S x . 
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For a pointed log-Riemann surface (S x ,zq) such that S x is simply connected, 
there is a unique < R < +00, called the conformal radius of (S, zq), and a unique 
normalized uniformization F = F^ Szo ^ : S x —> H)r such that F(zq) — 0,F'(zq) = 1 
(with derivative computed in the chart 7r). The flat metric also allows one to define 
a version of Gromov-Hausdorff convergence of pointed log-Riemann surfaces, which 
we call Caratheodory convergence by analogy with convergence of simply connected 
domains in C. We then prove an analogue of Caratheodory Kernel Convergence 
Theorem for log-Riemann surfaces: 

Theorem 1.1. Let (S n ,z n ) — ¥ (S,Zq) be a Caratheodory convergent sequence of 
log-Riemann surfaces such that the finite completions S x , S x are simply connected. 
Let the conformal radii and normalized uniformizations of (S n , z n ), (S, zq) be R n , R 
and F n ,F respectively. If limsup n _ >+00 R n < R , then lim„_ s . +00 R n = R and the 
uniformizations F n converge uniformly on compacts of S to the uniformization F. 

The convergence of F n to F above holds in the following sense: every compact 
K C S containing zq embeds isometrically into S n for n large enough via an isom- 
etry t„ which is a translation in the charts 7r,7r„, and the maps F n o i n converge 
uniformly to F. 

We also have convergence of the inverse mappings assuming the projections of 
the basepoints converge: 

Theorem 1.2. Suppose (S n , z n ) converge to (5, zq)- Let R ni R be the corresponding 
conformal radii and G n : V>R n —> S x , G : D/j — ¥ S x be normalized biholomorphisms 
such that G„(0) = z n ,G(0) = z and (tt„ o G„)'(0) = 1, (vr o G)'(O) = 1. // 
limsupi?„ < R and TT n (z n ) — > tt(zo) then limi?„ = R and 7r„ o G n -k o G 
uniformly on compacts of Or. 

Observing that for the log-Riemann surfaces S n , S corresponding to the nth root 
and logarithm functions respectively, with base point 1, the normalized uniformiza- 
tions are given in charts by the functions 7r n o G n (z) = (1 + — )" and it o G{z) = e z 
respectively, we obtain as a direct corollary of the above a purely geometric proof 
of Euler's formula: 

Corollary 1.3. We have 



uniformly on compacts. 

In a forthcoming article |BPM10j we use the above convergence theorems to 
obtain uniformization formulae for simply connected log-Riemann surfaces with 
finitely many ramification points. 
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2. LOG-RlEMANN SURFACES 

2.1. Definitions. 

Definition 2.1. A log-Riemann surface is a Riemann surface S equipped with 
a local diffeomorphism tt : S — Y C, called the projection mapping, such that the 
following holds: let S = S \\ 1Z be the completion of S with respect to the path- 
metric on S induced by the flat metric |g?7t| (the pull-back of the Euclidean metric 
under tt). Then 1Z is discrete. 

The set TZ is called the ramification locus of S and the points of TZ are called 
ramification points. 

Since tt is a local isometry with respect to the metrics on <S and C it extends 
uniquely to S. 

Proposition 2.2. Let p G 1Z. For r > small enough, ir(B(p,r) — {p}) = 
B(ir(p),r) — {tt(p)} and 

tt : B{p,r) - {p} B(n(p),r) - {ir{p)} 

is a covering. 

Proof: Choose r > small enough so that there are no points of 1Z in B(p,r) 
apart from p. Pick a z G B(p,r) — {p}; then ir(z) G B(n{p),r), and the local 
inverse of 7r at 7r(z) such that 7t -1 (7t(2:)) = z can be analytically continued to all 
points of B(t:(p), r) — {tt(p)}, since the only possible obstruction to the continuation 
is encountering points in 7Z — {p} above, but by the choice of r this is not possible. 
Therefore tt maps B(p, r) — {p} onto B(ir(p),r) — {n(p)}. Moreover the local inverse 
is single-valued on B(n(z),t) where t = d(z,p), so 7r maps B(z,t) isometrically to 
B(ir(z),t), so taking z n 6 B(z,t) converging to p, we have 

|7r(z) — 7r(p)| = lim \tt(z) — n(z n )\ — lim<i(z, z n ) = d{z,p) > 

so 7r(z) ^ 7r(p). 

The proof that 7r : B{p, r) — {p} —Y ir(B(p, r) — {p}) is a covering is similar. For 
each point z G tt(B(p, r) — {p}) = B(ir(p), r) — {ir(p)}, take a small disc B(z , p) C 
B(-K(p),r) — {n(p)} and let U be a connected component of tt^ 1 (B(zo, p)); we can 
pick a Zi € U and as before continue without obstruction the local inverse of n at 
7r(zi) satisfying tt (tt(zi)) = z\ to all of the disk B(zq, p); the continuation ofTr" 1 
to it is single- valued, so tt\u : U — > B(zq, p) is a diffeomorphism. o 

Definition 2.3. The order 1 < n < oo of a ramification point p G 1Z is defined 
to be the degree of the covering tt : B(p,r) — {p} —> B(ir(p),r) — {tt(j})} of the 
punctured disk B(n(p),r) — {n(p)} (where r is taken small enough as above). The 
ramification point p is called finite if n < oo and infinite if n = oo. 

Definition 2.4. The finite completion S x C S of a log-Riemann surface S is 
defined to be the union of S and all finite ramification points of S. 
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Since any finite sheeted holomorphic covering of a punctured disc is equivalent to 
the covering ED* -4D*,zh>z™, a punctured neighbourhood of a finite ramification 
point is biholomorphic to a punctured disk, so the finite ramification points may 
be added to S to give a Riemann surface structure on5 x compatible with that of 
S, such that the map tt : S x — > C is holomorphic with critical points at the finite 
ramification points. 

When the finite completion is simply connected, S x is biholomorphic to O/j = 
{\z\ < R} for some < R < oo. Fixing a basepoint zq € S, we can choose R and a 
uniformization G : — > S satisfying G(0) = zo, (it o G)'(O) = 1, and it is easy to 
see that R and G are then uniquely determined. 

Definition 2.5. For (<S, zq) a pointed log-Riemann surface such that S x is simply 
connected, the conformal radius R of (5, zo) is the unique < R < oo as determined 
above. 



2.2. Examples. We briefly describe some examples of log-Riemann surfaces: 

0. Log-Riemann surfaces associated to the complex plane: Let S = C and 

7r : S — > C be any automorphism of the plane tt(z) = az + 6, a € C*, b G C. The 
associated metric space is the euclidean plane with the euclidean metric scaled by 
\a\. The ramification locus TZ is empty. It is easy to see that these are the only 
(connected) log-Riemann surfaces with TZ = 0. 

1. The log-Riemann surface of the nth root: Let S = C — {0} and it : S — >■ 

C, 7r(z) = z n . It is easy to see that (S, it) is a log-Riemann surface isometric to the 
union of n slit planes C — [— oo, 0] pasted isometrically along the 2n "sides" of the 
slits, with a single ramification point p of order n, S = S x = S U {p}, such that 
7r(p) = 0. 

2. Polynomial log-Riemann surfaces: Generalizing the previous example, let it 
be a polynomial with C the set of critical points. Then S = C — C is a log-Riemann 
surface with #C-many ramification points whose orders add up to the degree of ir. 

3. The log-Riemann surface of the logarithm: Let S = C — {0} and ir : S — > 

C,7r(z) = e z . It is easy to see that (S,ir) is a log-Riemann surface isometric to 
the union of infinitely many slit planes C — [— oo, 0] pasted isometrically along the 
slits, with a single ramification point p, of infinite order, S = S U {p}, such that 
7r(p) = 0. 

4. The universal covering of a log-Riemann surface: Let it : S — > S be the 

universal covering of a log-Riemann surface S with projection mapping its : S — > C. 
The map 7rj := tt$ o tt is a local holomorphic diffeomorphism. With respect to the 
induced path metric on S the map it is a 1-Lipschitz local isometry and hence 
extends to a map between the completions tt : S* — > S* . Moreover since TZ is 
discrete, S* — S = 7r _1 (7?.) is discrete, and hence endows S with a log-Riemann 
surface structure. 
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3. CARATHEODORY THEOREM FOR LOG-RlEMANN SURFACES 

3.1. Caratheodory convergence of log-Riemann surfaces. Recall that log- 
Riemann surfaces are endowed with the flat metric |d-7r|. 

Definition 3.1. A pointed sequence of log-Riemann surfaces (S n ,z n ) converges to 
a pointed log Riemann surface (S, Zq) if for any compact K C S containing Zq there 
exists N = N(K) > 1 such that for n > N there is an isometric embedding i of 
K into S n mapping zq into z n such that l is a translation in the charts 7r,7r„ (the 
translation that maps tt(zo) to ir(z n ))- 

Example. Let (S,zq) be a pointed log-Riemann surface with projection mapping 
7r : S — >• C, 7r(zo) = 0. For n > 1 we consider the new log-Riemann surface S n with 
projection mapping 7r„ — n ■ tt and z n — zq. When n —> +oo, we have that (<S n , z n ) 
has the planar log-Riemann surface as Caratheodory limit. 

The Caratheodory limit of a sequence (S n , z n ) if it exists is unique up to isometry: 

Proposition 3.2. Let (S, zq) and (S' , z' ) be two pointed log-Riemann surfaces both 
of which are Caratheodory limits of a sequence of pointed log-Riemann surfaces 
(S n , z n ). Then there is an isometry T : S — > S' taking z to z' whose expression in 
log-charts is the translation mapping tt(zo) to tt'(z'q). 

Proof: Consider the germ of holomorphic diffeomorphism T from S to S' mapping 
Zo to z' whose expression in log-charts is the translation maping tt(zq) to tt'(z' ). 

Let 7 : [a, b] — > S be a curve in S starting from zq along which T can be 
continued. For n large enough, if i and t! denote the isometric embeddings of 7 and 
T("f) respectively into S n , on 7 we must have 

i = ( oT 

Lemma 3.3. The germ T can be continued analytically along all paths in S. 

Proof: Suppose there is a path 7 : [a,b] — > <S, 7(a) = 2:0,7(6) = zeS such that 
T can be continued analytically along ~f([a, b)) but not up to 7(6) = z. Since T is 
a local isometry, the limit z 1 = lim^^b T(j(x)) exists and must be a ramification 
point of order n > 1 since T cannot be continued to 7(6). 

Take S > small enough so that B(z' ' , S) contains no other ramification points 
and so that B(z, S) C S. Let 61 E [a,b) be such that 1X7(61)) £ B(z',6). Let 
a: [c,d] ^(Sbca circular loop in S that winds once around z, starting from 7(61), 
a(c) = j(bi). We note that T can be continued along a, but T(ct(c)) is not equal 
to T(a(d)). 

For n large enough the compacts j([a, 6])Ua([c, d])UB(z, S) C S and T(-f([a, 6i]))U 
T(a(\c,d])) C <S' both embed isometrically into S n , let t, i' be the respective em- 
beddings. Now, the ball l(B(z,5)) is completely contained in S n , so for the curve 
a we have 

t(a(c)) = i(a(d)) = (,(7(61)) where a(c) = a(d) = 7(61), 
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which implies 

i'(T(a(c))) = L'(T(a(d))) 
and hence, since i! is an isometry, 

T(a(c))=T(a(d)), 

a contradiction, o 

Lemma 3.4. The continuation ofT to all of S is single-valued. 

Proof: Let 7 : [a,b] — > S, 7(a) = j(b) = zq, be a closed path in S. Consider the 
curve T(pf) € S' given by continuing T along 7. Take n large enough so that the 
compacts 7([a, b]) C S and T(j([a, b})) c S' both embed isometrically into S n via 
isometries i and i' respectively. As before, along 7 we have 

i = i oT 

Since 

4(7(0)) = 4(7(6)) = l(z ) = z n , 

it follows that 

t '(T( 7 (a))) = t '(T( 7 (6))) 

and hence 

r( 7 (o)))=T( 7 (6))) l 

o 

It follows from the above lemmas that we obtain a globally defined map T : S —> 
S' . Applying the same arguments to the germ S = T^ 1 given by the inverse of the 
initial germ T gives a map S : S' —> S, and it is straightforward to check that T 
and S define global mutual inverses. The conclusion of the Proposition follows. 



3.2. Convergence of uniformizations. Proof of Theorem 11.11 : Let C C Hr 

be the image under F of the finite ramification points of S. Then C is discrete 
and the complement Hr — C contains a ball around the origin. For any compact 
K C S containing zo, for n large enough let l„ : K — » S n be the corresponding 
embeddings. The maps g n = F n o i n o F" 1 arc well-defined and univalent on any 
compact in — C for n large enough, satisfying .g„(0) = 0,^(0) = 1. It follows 
from classical univalent function theory that they form a normal family on any 
simply connected subdomain of H>r — C containing the origin. Since normality is a 
local property and every point in B# — C has a neighbourhood contained in such a 
simply connected subdomain, it follows that the family (<?„) is normal on ED/? — C . 
Let g be a normal limit on Dr — C of the g n 's; then g is univalent and g(Q) = 0. 
Hence for any Jordan curve 7 C 'Br — C if is in the bounded component of C — 7 
then is in the bounded component of C — (7(7). It follows that g is bounded on 
the bounded component of C — 7, and hence the singularities of g at the points of 
C are removable. 

It is easy to see that the extension of g to H)r is also univalent; since (?(0) = 
0, g'(0) = 1, if R = 00 then g must be the identity. If R < 00, since lim sup R n < R, 
g takes values in H)r, so by the Schwarz lemma g is the identity. So the only limit 
point of the sequence g n is the identity, and the sequence converges to the identity. 
Hence F n converges to F uniformly on compacts, in the sense that F n ot„ = g n o F 
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converges on compacts of S to F. If liminf R n < R, then along a subsequence 
the maps g n take values in a disc compactly contained in H>n, contradicting the 
convergence of g n to the identity; hence liminf R n > R, so limi? n = R. o 

Proof of Theorem 11.2b In the notation as above, G n = F~ x , G — and we 

have seen that the univalent maps g n = F n o i n o F^ 1 — > id uniformly on compacts 
in Dfl — C, lim R n = R. It follows that g~ x — > id and so (F n o t„) _1 = Gog^ 1 — > G 
uniformly on compacts in B_r — C. Also for any compact in — C for n large we 
can write 

7T„ o G n = (n n o i n ) o (F n o 
By the hypothesis on the isometric embeddings, 7r n o t n = T n o tt where T n is the 
translation sending tt{zq) to 7r„(z„); since 7r„(z„) — > ir(zo), T n —> id, so 7r n oj„ — > tt 
uniformly on compacts in S, hence ir n o G n — > tt o G uniformly on compacts in 
— C , and hence by the maximum principle also on o 

Proof of Corollary II. 3t Let S n be the log-Rlcmann surface of the nth root with 
projection 7r„ : S n — > C, and take bascpoints z n such that 7r„(z„) = 1. Let S be 
the log-Ricman surface of the logarithm with projection it : S — > C and basepoint 
Zq such that tt(zq) = 1. Then any compact K in <S can only intersect finitely 
many "sheets" of <S and hence embeds isometrically in S n for n large enough, so 
(S n ,z n ) — > (S,zq). The normalized uniformizations G n ,G of S n ,S are given in 
charts by tt„ o G n (z) = (1 + and tt o G(z) = e z respectively so the previous 
Theorem gives the conclusion of the Corollary, o 
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